We investigate Dicke subradiance of distant quantum sources in free space, i.e., the spatial emission pattern of spontaneously radiating non-interacting multi-level atoms or multi-photon sources, prepared in totally antisymmetric states. We find that the radiated intensity is marked by a strong suppression of spontaneous emission in particular directions. In resemblance to the analogous, yet inverted, superradiant emission profiles of N distant two-level atoms prepared in symmetric Dicke states, we call the corresponding emission pattern directional Dicke subradiance. We also show that higher order intensity correlations of the light incoherently emitted by statistically independent thermal light sources display the same directional Dicke subradiant behavior. We present measurements of directional Dicke subradiance for N = 2, . . . , 5 distant thermal light sources corroborating the theoretical findings.
We investigate Dicke subradiance of distant quantum sources in free space, i.e., the spatial emission pattern of spontaneously radiating non-interacting multi-level atoms or multi-photon sources, prepared in totally antisymmetric states. We find that the radiated intensity is marked by a strong suppression of spontaneous emission in particular directions. In resemblance to the analogous, yet inverted, superradiant emission profiles of N distant two-level atoms prepared in symmetric Dicke states, we call the corresponding emission pattern directional Dicke subradiance. We also show that higher order intensity correlations of the light incoherently emitted by statistically independent thermal light sources display the same directional Dicke subradiant behavior. We present measurements of directional Dicke subradiance for N = 2, . . . , 5 distant thermal light sources corroborating the theoretical findings.
Dicke superradiance, i.e., the enhanced spontaneous emission in space and time of atoms in highly entangled symmetric Dicke states, has been extensively studied over the last 60 years [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In contrast, its cryptic twin, subradiance, has been much less investigated, mainly due to its higher degree of complexity and increased demands for experimental verification, even though considerable progress has been made recently. Since the first indirect observation [17] , the main focus has been on studying subradiance of two two-level atoms [18] [19] [20] [21] [22] . This configuration is most transparent, less fragile [23] , and, moreover, can be prepared in both parities, a fully symmetric as well as a fully antisymmetric state, where the latter decouples entirely from the vacuum field for small atom separations [4, 5] . For more than two two-level atoms the subradiant Dicke states are merely non-symmetric [1] ; the corresponding states have been recently used to form a unimodular basis [24, 25] . Various theoretical investigations have discussed the preparation [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] as well as the subradiant emission characteristics of non-symmetric Dicke states for larger atomic ensembles, either using a semiclassical theory [28, [33] [34] [35] [36] [37] [38] [39] or within a full quantum mechanical treatment [13, [30] [31] [32] . Very recently, the first experimental observation of retarded subradiant spontaneous decay for more than two emitters has been reported [40] .
Most theoretical studies of subradiant systems have investigated the temporal aspects of subradiance, only few have have been devoted to its particular spatial emission properties [13, 30, 33] . Yet, in correspondence to their superradiant counterparts, distant sources prepared in fully antisymmetric or non-symmetric Dicke states display pronounced directional emission profiles, e.g., exhibiting a strong suppression of spontaneous radiation in particular directions [13] .
In this letter, we study the spatial emission characteristics of light sources arranged in totally antisymmetric states, thereby investigating what we call directional Dicke subradiance. We start to analyze the conditions for achieving totally antisymmetric Dicke states for N ≥ 2 multi-level atoms or multi-photon sources and explore the specific spatial emission profiles of emitters prepared in such states. We next discuss the possibilities to observe subradiant directional emission behavior of classical sources. In particular, we show that the same multi-photon interferences and thus the same subradiant suppression of incoherent radiation derived for quantum emitters can be obtained with thermal light sources (TLS), if projected into particular correlated states via photon detection. Finally, we present measurements of directional Dicke subradiance for up to five TLS.
In general, a totally antisymmetric state of N sources is defined by
where |n l describes the state of source l, l = 1, . . . , N , and P represents the sum over all permutations of the sources, with sgn(P) the sign of the permutation. According to Eq. (1), in order to realize a totally antisymmetric state, all sources have to be prepared in distinct states, i.e., n i = n j , for i = j, otherwise the state vanishes. In particular, in the case of two-level atoms, a fully antisymmetric state only exists for N = 2 particles. Thus constructing totally antisymmetric states for N > 2 emitters requires internal level schemes with at least N distinguishable states, e.g., an excited state |e and N − 1 distinguishable ground states |gl ,l = 1, . . . , N − 1 [38] . We call this kind of source multi-level single photon emitter (MSPE). To construct a totally antisymmetric state for N MSPE we choose n 1 = e, n 2 = g 1 , n 3 = g 2 , . . . , n N = g N −1 .
To determine the spatial emission characteristics of such a state we assume without loss of generality the simple source arrangement shown in Fig. 1 axis at positions R l = l d e x , l = 1, . . . , N . The intensity recorded at position r 1 is defined by
where ρ is the density matrix of the N MSPE and the (dimensionless) positive frequency part of the electric field operator in the far field of the sources is given by [15] 
In Eq. (3), δ 1 = −k d sin(θ 1 ) corresponds to the relative phase of a photon emitted by source l and recorded by a detector at r 1 with respect to a photon emitted at the origin (see Fig. 1 ), andŜ
is the sum over all atomic lowering operatorsŝ 
, the intensity as a function of δ 1 calculates to
where in Eq. (4) we exploited the fact that all interference terms contribute with equal weight, i.e.,
Note that this equality is also expressed in the cross-correlation coefficient [41] , which is identical for all source pairs
Eq. (4) displays an intensity profile marked by pronounced dips of vanishing radiation, analogous to the inverted intensity profile of a coherently illuminated grating with N slits. Note that pronounced peaks in the intensity characterized by a grating function are well known for N two-level atoms in symmetric Dicke states, arranged in the same manner as in Fig. 1 [13] . Such superradiant emission profiles can further be observed when recording higher-order intensity correlation functions for both, N uncorrelated fully excited two-level atoms [14, 15] and N uncorrelated classical light sources [14, 16] . Yet, in contrast to the sharp peaks of increased intensity in the case of superradiant emission, the inverted grating function of Eq. (4) reveals highly focused dips of reduced intensity, i.e., directional Dicke subradiance. Equally to its superradiant counterpart [13] [14] [15] [16] , the subradiant intensity profile of Eq. (4) for N MSPE in the antisymmetric state |A N with one excitation displays a visibility of V = 1, with the minima located at δ 1 = 2mπ, m ∈ Z, having an angular width of δθ 1 ≈ 2π/(N kd). Note that these properties describe distinctive features of superradiance [13] [14] [15] [16] but can also be used, as in our case, to characterize the particular attributes of Dicke subradiance.
A further option to construct totally antisymmetric states |A N and observe the corresponding subradiant behavior is to make use of multi-photon sources (MPS). Hereby, each source l emits a discrete number of photons n l , assumed to be different from the other sources, i.e., n i = n j , for i = j. This could be realized, e.g., by combining n l single photon emitters for each source l. Again considering the source arrangement of Fig. 1 , the (dimensionless) positive frequency part of the electric field operator in the far field of the sources reads [16] 
whereâ l denotes the annihilation operator of a photon emitted from the lth MPS. Choosing n 1 = 0, n 2 = 1, . . . , n N = N − 1 yields again the intensity profile of Eq. (4), i.e., a distribution following a negative grating function and displaying directional Dicke subradiance, yet with a different global prefactor of N 2 /2 [42] . Note that when computing the N th-order intensity 
correlation function G (N )
N T LS (δ 1 , . . . , δ N ) of a light field produced by N TLS, similar multi-photon interference terms appear as those occuring in the derivation of I |A N (δ 1 ) for N MPS [42] . This indicates how directional subradiant behavior can be observed also with classical light sources, i.e., by exploiting correlations produced among TLS when recording a specific number of photons at particular positions [14, 16] .
To corroborate this argument we consider again the source arrangement of Fig. 1 , where this time N detectors are placed at positions r j , j = 1, . . . , N , in the far field of N TLS. The density matrix ρ N T LS of the field generated by the N TLS can be written in the numberstate representation in the form [14, 16] 
where P T LS (n l ) denotes the (Bose-Einstein) distribution of source l, and we assume equal mean photon numbers for all sources, i.e.,n =n l = â † lâ l ρ , l = 1, . . . , N . The N th-order intensity correlation function for N light sources is defined by [43] 
where : F : ρ N represents the (normally ordered) quantum mechanical expectation value of the operator F for a field in the state ρ N . To observe directional Dicke subradiance via measurements of G 
These positions are identical to the arguments of the N th roots of unity and therefore fulfill the identity
Since we assume N statistically independent TLS, we can make use of the Gaussian moment theorem to write Eq. (8) also in the form
where now P refers to the sum over all permutations of the N detectors, and the first moment is given by [cf. Eq. (6)]
where the label ρ N T LS of the expectation value has been dropped for simplicity. In the case that detector δ 1 is not involved in the sum, i.e., for j 1/2 = 2, . . . , N , Eq. (12) simplifies to [cf. Eq. (10)]
which means that all cross-correlation terms of any two fixed detectors j 1 = j 2 vanish. Eq. (11) thus reduces to
where the interference term is given by [cf. Eq. (10)]
The normalized N th-order intensity correlation function finally reads
displaying an inverted grating function identical to the one obtained for quantum sources in Eq. (4), i.e., a subradiant intensity distribution I |A N (δ 1 ) produced by MSPE and MPS in the totally antisymmetric state |A N . Note that due to the different constant term the visibility of the classical subradiant pattern of Eq. (16) equals V T LS = 1/3, independently of the number of sources N . To reach higher visibilities for classical sources one could increase the number of fixed detectors, e.g., using multiples α of complete sets of N − 1 detectors placed at the SP, i.e., α(N − 1), α ∈ N + . In this case we obtain [42] 
where
T LS = α/(α + 2) approaches unity, as in the case of quantum sources.
Note that recently an isomorphism between G (m)
, m ∈ N + , was identified for a light field ρ N produced by N sources [15, 16] , i.e., 
is not of diagonal form, where the nondiagonal terms describe the correlations between the TLS induced by the detection of α(N − 1) photons at the SP. The corresponding crosscorrelation coefficient is given by [42] â † l1â l2 ρ N T LS for N statistically independent TLS we use the pseudothermal light of a coherently illuminated rotating ground glass disk [44] (coherence time τ c ≈ 50ms), impinging on a mask with N identical slits of width a = 25µm and separation d = 200µm (see Fig. 2 ). As coherent light source we utilize a linearly polarized frequency-doubled Nd:YAG laser at λ = 532nm. Working in the high intensity regime we employ a conventional 
FIG. 2. (Color online) Experimental setup to measure g (N )
N T LS with N pseudothermal light sources. M: mirror, L: lens. For details see text and Ref. [14] . N T LS (δ 1 , . . . , δ N ), where we correlate N − 1 pixels of the camera located at the SP ∼ δ 2 , . . . , δ N with one moving pixel ∼ δ 1 (integration time of the camera τ i ≈ 1ms τ c ) [14] . The experimental results for g N T LS (δ 1 , . . . , δ N ) obtained in this way for N = 2, . . . , 5 TLS are shown in Fig. 3 . From the plots the directional Dicke subradiant behavior of the N TLS is clearly visible, with dips of vanishing radiation that are in excellent agreement in position, depth and width with the theoretical predictions of Eq. (16) . This confirms the theory outlined above stating that a) with distant quantum sources as well as classical TLS in corresponding states directional subradiance can be observed [cf. Eqs. (4) and (17)], and that b) directional subradiance of TLS occurs due to the similarity between the totally antisymmetric state |A N of N quantum sources and the highly correlated stateρ (α (N −1) ) N T LS , obtained from N initially uncorrelated TLS via α(N − 1) photon detection events at the SP [cf. Eqs. (1) and (19) ], leading to identical cross correlations for N quantum sources and for N TLS in the limit α N [cf. Eqs. (5) and (20)].
In conclusion we presented a detailed discussion of the spatial aspects of Dicke subradiance, i.e., the intensity profiles observed for the incoherently emitting distant sources prepared in corresponding states. We examined the conditions to achieve totally antisymmetric states for multi-level atoms or multi-photon sources and derived analytical expressions for the resulting spatial spontaneous emission patterns. We also showed that directional Dicke subradiance can be observed with incoherently emitting TLS, i.e., by measuring higher order photon correlations projecting the TLS into highly correlated states. The latter is an unexpected outcome as subradiance is considered to be a purely nonlocal, nonclassical phenomenon displayed by quantum sources [38] .
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To fulfill the requirement n i = n j , i = j, we introduced in the main text multi-level single photon emitters (MSPE) with one excited state |e and N − 1 ground states |gl ,l = 1, . . . , N − 1, where we choose n 1 = e, n 2 = g 1 , . . . , n N = g N −1 . For the lth atom the transition from the excited state to one of the ground states is given by a superposition of lowering operatorsŝ − of the lth atom thus readŝ 
we can calculate the intensity I |A N (δ 1 ) of N MSPE with a single excitation prepared in the arrangement of Fig. 1 of the main text in the antisymmetric state |A N
where in Eq. (S24) we exploited the fact that if the state |A N contains a single excitation we have
and that in Eq. (S24) all N − 1 interference terms of two arbitrary sources l 1 = l 2 contribute with equal weight
Note that in Eqs. 
where we have Ŝ (l1)
ANTISYMMETRIC QUANTUM STATE: MULTIPHOTON SOURCES
A second type of quantum source discussed in the main text are multiphoton sources (MPS), able to emit any discrete number of photons n. To generate antisymmetric states |A N from N MPS the emitted photon numbers are chosen to be n 1 = 0, n 2 = 1, . . . , n N = N − 1, fulfilling the requirement n i = n j for all i = j.
Using the electric field operator at position r 1 in the far field of the sources
with the bosonic lowering operatorâ |n = √ n |n − 1 , the intensity in the far field of N MPS prepared in the arrangement of Fig. 1 of the main text calculates to
where in Eq. (S29) the following moments have been used:
and
Note that Eq. (S29) has a minimal value of zero and thus displays a visibility V = 1. Using Eqs. (S30) and (S31) the cross correlation coefficient can be computed:
where again we have â † l1 |A N = â l2 |A N = 0. Note that this expression is identical to the cross correlation coefficient calculated for N MSPE [cf. Eq. (S27)].
Finally, it is also possible to calculate the normalized maximum of the intensity distribution, when integrating the intensity given in Eq. (S29) over one period of the moving detector phase δ 1
This leads to the following normalized maximum of the intensity distribution
which is identical to the maximum of the intensity distribution of N MSPE prepared in an antisymmetric state |A N [see Eq. (S24)].
THERMAL LIGHT SOURCES
Finally, we want to calculate the (1 + α(N − 1))th order intensity correlation function G 
i.e., with α detectors at each of the SP, and a single moving detector at δ 1 , to create directional subradiance with a visibility approaching unity (see main text and the result in Eq. (17)). The (1 + α(N − 1))th order correlation function with one moving detector and α detectors at each of the SP is defined by
where the Gaussian moment theorem has been employed. N T LS (δ j ) = Nn, which leads to
where the maximum and the minimum are given by g T LS = 1/3, independently of the number of sources N . Note that it is rather unexpected that for α > 1 the visibility remains independent of the number of sources, i.e., V
(α)
T LS is solely determined by α. Integrating over one period of the moving detector phase δ 1
one can compute the normalized maximum
and the normalized minimum
For α N the maximum scales as ∼ N/(N − 1) while the minimum converges towards ∼ 0. This is identical to the outcome obtained for the quantum case, i.e., the maximum and the minimum of the intensity I |A N (δ 1 ) of N MSPE with a single excitation [cf. Eq. (S24)].
The cross-correlation coefficient in the case of TLS is given by 
where again we have â † l1 ρ 
→ â † l1â l2 ρ 
On the other hand, the normalizing intensities in Eq. (S42) are given by: 
This leads to the following simple expression for the cross-correlation coefficient [cf. Eq (S42)]
In particular, in the limit α N , we find that Eq. (S49) scales as ∼ −1/(N − 1), which is identical to the cross correlation coefficient of N MSPE prepared in the antisymmetric state |A N [cf. Eq. (S27)].
